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Localization is particularly important in wireless networks. With the
rapid development of the Internet of Things and mobile Internet, mobil-
ity is becoming an increasingly growing topic. In this paper, we con-
sider wireless network localization with the time difference of arrival
(TDOA) and the frequency difference of arrival (FDOA) measurements
which represent the mobility. To solve the maximum likelihood prob-
lem with the constraints that are imposed due to both TDOA and FDOA
measurements, we adopt the alternating projection onto convex sets for
source localization in sensor networks. Leveraging the convex approx-
imation, we propose a convex boundary projection algorithm to esti-
mate the source location. Numerical simulations show that our method
is more efficient in distributed manner and the result is close to the
Cramer-Rao lower bound performance under noisy measurements.

Keywords: Localization, wireless networks, alternating projection, time differ-
ence of arrival (TDOA), frequency difference of arrival (FDOA).

1 INTRODUCTION

Localization is a central concept in wireless sensor networks for many appli-
cations [18, 22, 27, 31]. Generally, this problem consists of two parts, i.e.,
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FIGURE 1
An illustration of the wireless network localization. The solid lines denote the information shar-
ing between the sensor nodes. The dashed lines denote the measurements for the unknown emit-
ter.

the localizability problem that checks for the feasibility of all distance mea-
surement specification constraints and the localization problem that finds the
locations of unknown emitter node given the feasible constraints. In this
paper, we study the localization problem with one emitter node and many
sensor nodes under the constraints that the emitter can be located. The mea-
surements for localization usually use either the time of arrival (TOA), the
time difference of arrival (TDOA), the angle of arrival (AOA) information or
a combination of these techniques. When the emitter or the sensor nodes are
moving, it is also practical to consider the localization technique that makes
use of the frequency difference of arrival (FDOA) measurements in wireless
networks, as illustrated in Figure 1.

There are three main well-studied methods to solve the localization prob-
lem for wireless sensor network when there are only TOA or TDOA measure-
ments: 1) Multidimensional scaling method [4,6,9,15,26] is an optimal algo-
rithm when there are no measurement noise and there are accurate distance
measurement between all the nodes (transmitter-receiver pairs) in the net-
works. 2) Convex optimization method relaxes the nonconvex quadratic pro-
gramming problem and provides good estimation performance by the compu-
tationally efficient suboptimal algorithm even in the presence of measurement
noise. The localization problem is relaxed into either a convex second-order



WIRELESS NETWORK LOCALIZATION VIA ALTERNATING PROJECTIONS 3

cone program [21], or a semidefinite program [1, 12, 13, 19]. 3) Alternating
projection method solves the localization problem by iteratively projecting
onto the measurement constraints. In [2,7], the authors show that the optimal
estimation lies at the intersections of TOA constraints when the position of
the unknown emitter is in the convex hull of the measurement constraints.
In [16], the authors study the hyperbolic projection onto convex sets that
tackles the situation when the position of unknown emitter lies outside of
the convex hull of the measurement constraints. In [10, 24], this projection
method is improved through the boundary projection configurations.

Recently, mobile characteristic has been an important issue as the devel-
oping Internet of Things has gradually included the wearable smart devices,
vehicles and so on. In [3], the authors propose a novel method for the local-
ization problem by only using a single sensor with the additional requirement
that it is moving. In [11], the authors present a localization technique that uses
the Doppler shift in radio transmission frequency for tracking and navigation
in mobile wireless sensor networks. Therefore, the problem of localization
via both TDOA and FDOA measurements has received significant attention
due to its many applications in the mobile setting. In [14], the authors pro-
pose a robust and secure scheme for mobile node localization in the presence
of malicious anchors. In practice, TDOA measurement is readily obtained
through signal correlation at different receivers and this is useful for locating
high-bandwidth emitter. On the other hand, FDOA measurement makes use
of the difference in received Doppler frequency shift that is more useful for
locating low-bandwidth emitter. TDOA and FDOA observation criteria are
discussed in [5]. In [30], the authors consider the problem of joint TDOA
and FDOA estimation for passive emitter location when the unknown emitter
signal has a chirp-like structure over the observation interval. The Cramer-
Rao lower bound (CRLB) on the TDOA and FDOA measurement errors is
frequently so small that the errors induced by equipments are predominant.
Therefore, the estimation is more accurate by leveraging a wider spectrum
of bandwidth that combines both TDOA and FDOA measurements. How-
ever, different from TDOA measurement, the FDOA measurement makes the
problem more challenging [8], because of the nonlinearity and nonconvex-
ity. Researchers have applied the multidimensional scaling method [25] and
the semidefinite relaxation method [23, 28] to the localization problem with
FDOA measurements. On the other hand, the alternating projection method
has not yet been studied to tackle the nonconvex FDOA measurement con-
straint that depends on the velocity of the nodes.

In this paper, we first show that the maximum likelihood estimation of the
localization problem with both TDOA and FDOA measurements is equiva-
lent to a convex feasibility problem. Then, we propose an alternating projec-
tion method through iteratively convexifying the FDOA constraint function
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to obtain an approximated location of the unknown emitter. To the best of
our knowledge, this is the first application of boundary projection algorithm
in the localization problem with FDOA measurements. We also consider the
local iterative optimization to improve the solution further by using the initial
point obtained from the alternating projection. Numerical evaluation shows
that the performance of our method achieve closely to the CRLB.

Overall, the contributions in this paper are:

1. a novel method by iteratively convexifying the FDOA measurement con-
straint function in a distributed manner,

2. the design of alternating projection algorithm for localization with both
TDOA and FDOA measurements,

3. finding an efficient approximation of the location in the first stage to
achieve the CRLB performance.

The rest of paper is organized as follows: In Section 2, we introduce the
system model with TDOA and FDOA measurements, formulate the localiza-
tion problem and provide the theoretical CRLB analysis. In Section 3, we
consider the localization problem as a convex feasibility problem and pro-
pose a random alternating projection algorithm to obtain the location of the
unknown emitter with accurate measurements. In Section 4, we modify our
algorithm as weighted alternating projection algorithm to get the location of
unknown emitter when there are Gaussian noise perturbations in the mea-
surements. In Section 5, we compare our methods with the efficient convex
relaxation method [28] and show that our method achieves the CRLB perfor-
mance. In Section 6, we conclude the paper and consider future extensions.

The following notations are used in this paper: Boldface lowercase let-
ters denote column vectors and italics denote scalars. The super-script (·)�
denotes the transpose. Let | · | denote the absolute value and ‖ · ‖2 denote the
Euclidean norm.

2 SYSTEM MODEL AND LOCALIZATION PROBLEM

In this section, we consider a cluster of passive receivers that collaborate to
locate an unknown (and slowly moving) source emitter, while the orbits of
the receivers are assumed to be known. We focus on two practical sensor
measurements, i.e., TDOA and FDOA, in the network. Then, we formulate
the localization problem. Without loss of generality and for illustration pur-
pose, we assume that the vectors lie on R

2, but our method can be readily
generalized to a higher dimension space.
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2.1 Time Difference of Arrival
Let us define the i-th receiver node location as si and the unknown emitter
location as x. The distance between the i-th receiver and the unknown emitter
is given by:

di = ||x − si ||2. (1)

Let c denote the speed of light. Then, the TOA at the i-th receiver is given
by:

ti = ||x − si ||2
c

. (2)

Measuring the time ti , we get the distance di = cti . Then, the surface of (1)
is a circle and it is well-known that three TOA measurements are sufficient
to obtain the location of unknown emitter.

However, an accurate TOA measurement requires accurate synchroniza-
tion of measurement time between the unknown source emitter and the
receivers. Thus, in practice, the TDOA is used instead especially in mobile
setting when the time synchronization of the unknown emitter cannot be
achieved. The TDOA between receivers i and j is given as:

ti j = ti − t j = ||x − si ||2
c

− ||x − s j ||2
c

. (3)

Let us rewrite (3) as the equivalent difference between distance:

di j = di − d j = ||x − si ||2 − ||x − s j ||2. (4)

Then, the surface of (4) is one half of a hyperbolic that is constructed by
measuring the difference of time ti j . Figure 2 shows the curves of (1) and (4).

In this paper, we assume that the measurement ti j is corrupted by zero-
mean Gaussian noise power σt that leads to the measurement estimation error.

2.2 Frequency Difference of Arrival
Let us define the velocity of the i-th receiver as vi and the frequency of
the signal from unknown emitter as f0. Then, the Doppler shift on the i-th
receiver is given by:

fi = (si − x)T vi

c||x − si ||2 f0. (5)
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FIGURE 2
Illustrations for the curves of (a) TOA and (b) TDOA. The locations of receivers are s1 = [0, 0]
m and s2 = [1500, 0] m. The location of unknown emitter is x = [1500, 1000] m.

The angular form of the velocity expression is given by:

vi = ||vi ||2
[

cos βi

sin βi

]
, (6)

and the one of the distance is given by:

si − x = ||si − x||2
[

cos αi

sin αi

]
, (7)

where α and β are the corresponding vector angles in the angular form for
the distance and velocity, respectively. We then rewrite (5) as:

αi = βi ± arccos
c fi

||vi ||2 f0
. (8)

Therefore, the surface of (8) is viewed as the intersection of two rays. Com-
pared to the Doppler shift measurement, FDOA measurement is preferred
in practice due to its robustness feature. Therefore we consider the FDOA
measurement given by:

fi j = fi − f j = (si − x)T vi

c||x − si ||2 f0 − (s j − x)T v j

c||x − s j ||2 f0. (9)
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FIGURE 3
Illustrations for the different curves of FDOA. The locations of receivers are s1 = [0, 0] m and
s2 = [1500, 0] m. The location of unknown emitter is x = [1500, 1500] m. (a) The receivers
are moving in the same direction with velocities v1 = [20, 0] m/s and v2 = [10, 0] m/s. The
corresponding difference of Doppler shift is f21 = 14.14 f0/c. (b) The receivers are moving in
the different direction with velocities v1 = [20, 0] m/s and v2 = [10, 6]m/s. The corresponding
difference of Doppler shift is f21 = 8.14 f0/c.

Different from the Doppler shift measurement that has a constant curve, (9)
is a complicated nonlinear function that cannot be rewritten into the angular
form straightforwardly. Figure 3 shows an example for the surface of the
FDOA measurement that depends on the velocity of the receivers.

Note that we assume that the measurement fi j is corrupted by zero mean
Gaussian noise σ f because of the observational error.

2.3 Localization Problem
Under both TDOA and FDOA measurement specification constraints, the
unknown emitter source localization problem is formulated as the following
maximum likelihood estimation problem:

minimize 1
σ 2

t

M∑
i=1

M∑
j>i

(ti − t j − ti j )
2

+ 1
σ 2

f

M∑
i=1

M∑
j>i

( fi − f j − fi j )
2

subject to 1
c ||x − si ||2 = ti , ∀i,
(si −x)T vi

c||x−si ||2 f0 = fi , ∀i,

variables : x, t, f,

(10)
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where ti j and fi j are TDOA and FDOA measurements respectively [28] [29].
Now (10) is a nonlinear and nonconvex problem. As mentioned in the intro-
duction, the multidimensional scaling method [25] and convex relaxation
method [28] have been studied in the past to approximately solve (10). How-
ever, the computational complexity increases significantly with the number
of receivers (or measurement constraints). Note that the maximum likelihood
estimation (10) is equivalent to finding the set of node locations that mini-
mizes the weighted squared-difference between the measured and the esti-
mated internode distances. We propose our distributed method to solve this
problem in the next section. To compare our localization method with the
CRLB, we use the root-mean-square error defined as:

RMSE =
√√√√ 1

N

N∑
n=1

||x(n) − x̂||22, (11)

where x̂ is the practical location of the unknown emitter, and x(n) is the n-th
Monte-Carlo estimation of unknown emitter.

It is well known that the variance of an unbiased estimator is bounded
below by the CRLB. The CRLB is used in this section to study the perfor-
mance of the proposed location method. The CRLB is defined in terms of the
sum of the Fisher information based on the TDOA and the FDOA measure-
ments:

J = 1

σ 2
t

∂2t
∂x∂x� + 1

σ 2
f

∂2f
∂x∂x� , (12)

with entries of Jacobian of the TDOA measurement equations:

∂ti j

∂x1
= x1 − si1

‖x − si‖2
− x1 − s j1

‖x − s j‖2
, (13)

∂ti j

∂x2
= x2 − si2

‖x − si‖2
− x2 − s j2

‖x − s j‖2
, (14)

and the FDOA measurement equations:

∂ fi j

∂x1
= v j1 f0

c‖x − s j‖2
+ (s j1 − x1)v j1x1 f0

c‖x − s j‖3
2

− v j1 f0

c‖x − si‖2
− (si1 − x1)v j1x1 f0

c‖x − si‖3
2

,

(15)
∂ fi j

∂x2
= v j2 f0

‖x − s j‖2
+ (s j1 − x2)v j2x2 f0

‖x − s j‖3
2

− v j2 f0

‖x − si‖2
− (si1 − x2)v j2x2 f0

‖x − si‖3
2

.

(16)
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The CRLB depends not only on the sensor-emitter geometry but also on
the measurement standard deviations. Hence, the CRLB for the variance of
the emitter location estimate x is taken as the inverse of the Fisher informa-
tion matrix, i.e. diag{J−1}. The unbiased estimator which achieves this lower
bound is efficient.

3 RANDOM ALTERNATING PROJECTION ALGORITHM

Under accurate TDOA and FDOA measurements, (10) have a unique solution
of the practical source location. However, (10) is a nonlinear least squares that
has multiple local optimal solution and saddle points [7] in general. In this
section, we solve this localization problem as a convex feasibility problem.

Let us first assume that the measurements ti j and fi j are accurate, then we
rewrite (10) as:

minimize
M∑

i=1

M∑
j>i

(ti − t j − ti j )
2 +

M∑
i=1

M∑
j>i

( fi − f j − fi j )
2

subject to
1

c
||x − si ||2 = ti , ∀i,

(si − x)T vi

c||x − si ||2 f0 = fi , ∀i,

variables : x, t, f.

(17)

As the measurements are accurate, it is readily seen that the optimal value
of (17) is zero and the optimal solution x� of (17) satisfies the constraints:

⎧⎪⎪⎨
⎪⎪⎩

1

c
||x� − si ||2 = ti , ∀i,

(si − x�)T vi

c||x� − si ||2 f0 = fi , ∀i.
(18)

Next, let us define the sets ∂Ci j :

∂Ci j = {
y ∈ R

2 : ||y − si ||2 − ||y − s j ||2 = cti j
}
, (19)

and ∂Di j :

∂Di j =
{

y ∈ R
2 :

(si − y)T vi

||y − si ||2 − (s j − y)T v j

||y − s j ||2 = c fi j

f0

}
, (20)



10 XIANGPING ZHAI et al.

where ∂ denotes the boundary of a region or the surface of a curve. Clearly,
the practical emitter location lies on the intersection of the sets ∂C and ∂D
when the TDOA and FDOA measurements are assumed to be accurate with-
out noise corruption. Then, solving the problem (17) is equivalent to finding
the point satisfying:

x� ∈
M⋂

i=1

M⋂
j>i

∂Ci j

M⋂
i=1

M⋂
j>i

∂Di j . (21)

Although ∂Ci j is regarded as the boundary of a convex set:

Ci j = {
y ∈ R

2 : ||y − si ||2 − ||y − s j ||2 ≥ cti j
}
, (22)

∂Di j is nonconvex as shown in Section 2.2. Supposed that we are provided
with accurate TOA measurements ti , the FDOA measurement constraint
function becomes linear as following:

∂Di j =
{

y ∈ R
2 :

(si − y)T vi

di
− (s j − y)T v j

d j
= c fi j

f0

}
, (23)

where di = cti = ‖y − si‖2. Then, (21) can be solved through the alternating
projection onto the boundaries of convex sets that converges to the practical
source location. In general, the assumption of accurate TOA measurements
is not true, thus we iteratively improve the position x by running the projec-
tion method with random initial points. This is summarized in the following
random alternating projection algorithm.

Remark 1. If the additional knowledge about the closest receiver to the emit-
ter source is provided, this receiver is used as the initial node for projection,
and we then make use of x at each subsequent iteration of the projection
method to linearize the FDOA measurement constraint function. A random
projection strategy is used to avoid sequential projection that may cause limit
circles in certain cases.

The convergence of alternating projection algorithm for convex feasibil-
ity problem has been studied in [16] [24]. Figure 4 shows an example with
accurate measurements in R

2 in which Algorithm 1 converges to the practical
emitter source location. Observe that at each iteration of the projected point
on the convex boundary in Figure 4 (a), each iteration yields an approximated
location of the unknown emitter source in Figure 4 (b).
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Algorithm 1 Random Alternating Projection Algorithm.
1. Initialization

� Choose the random position as x(0).
� Set k = 1.

� Projection
� Randomly pick two sensor nodes si and s j .
� Projection onto hyperbolic TDOA boundary:

x∂Ci j (k)(k) = P∂Ci j (k)(x(k − 1)) = arg min
z∈∂Ci j (k)

||x(k − 1) − z||2.
(24)

� Projection onto linear FDOA boundary:

x∂Di j (k)(k) = P∂Di j (k)(x(k − 1)) = arg min
z∈∂Di j (k)

||x(k − 1) − z||2,
(25)

where the FDOA function is convexfied by x(k − 1):

∂Di j (k) =
{
y ∈ R

2 : (si −y)T vi

||x(k−1)−si ||2 − (s j −y)T v j

||x(k−1)−s j ||2 = c fi j

f0

}
. (26)

� Repeat random projection for every pair of sensors.
2. Estimation

� Estimate x(k) as:

x(k) = 2
M(M−1)

M∑
i=1

M∑
j>i

x∂Ci j (k)(k)

+ 2
M(M−1)

M∑
i=1

M∑
j>i

x∂Di j (k)(k).

(27)

3. Stop Condition
� If ||x(k) − x(k − 1)||2 < ε, stop;
� Else, set k = k + 1 and go to Step 2.

4 WEIGHTED ALTERNATING PROJECTION ALGORITHM FOR
NOISY MEASUREMENTS

In practice, both the TDOA and FDOA measurements are not accurate and
are assumed to be corrupted by Gaussian noise. Therefore, we consider the
localization problem as (10) instead of (17), assuming that the measurement
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FIGURE 4
Convergence of Algorithm 1 under accurate measurements. The locations of receiver nodes are
s1 = [0, 0] m, s2 = [1500, 0] m and s3 = [600, 750] m. The location of unknown node is x̂ =
[1500, 1500] m. The receivers are moving in the direction with velocities v1 = [20, 0] m/s, v2 =
[20, 0] m/s and v3 = [12, 12] m/s. (a) An illustration for each alternating projection. (b) An
illustration for the estimation in each iteration.

noise in the TDOA and FDOA constraints are independent of each other. In
this section, we improve Algorithm 1 to obtain an approximate solution to
solve (10).

Due to the measurement noise, the intersection of sets ∂C and ∂D might
be large or even be empty and, in such a case, the convergence has the char-
acteristics to yield a point that minimizes the sum of distances to the sets ∂Ci j

and ∂Di j , that is:

x� = arg min
x∈R2

1

σ 2
t

M∑
i=1

M∑
j>i

||x − P∂Ci j (x)||22

+ 1

σ 2
f

M∑
i=1

M∑
j>i

||x − P∂Di j (x)||22.
(28)

Moreover, note that the distance measurement di j = cti j should satisfy the
triangle inequality |di j | < ||si − s j ||2. Otherwise, the TDOA function (4) is
invalid on the hyperbolic surface. When the TDOA measurement estimates
violate the triangle inequality condition, the corresponding measurement ti j

cannot be used. We improve Algorithm 1 to the following weighted alternat-
ing projection algorithm.

Remark 2. In Algorithm 2, we have used the noise power characteristic
in the TDOA and FDOA measurements to minimize the weighted squared-
differences between the estimated locations.
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Algorithm 2 Weighted Alternating Projection Algorithm.
Replace Step 3) in Algorithm 1 with:

� Estimate x(k) as:

x(k) = 2σ 2
f

M(M−1)(σ 2
t +σ 2

f )

M∑
i=1

M∑
j>i

x∂Ci j (k)(k)

+ 2σ 2
t

M(M − 1)(σ 2
t + σ 2

f )

M∑
i=1

M∑
j>i

x∂Di j (k)(k).

(29)

As we have assumed random noise contaminating both the TDOA and
FDOA measurements, the position estimates are in fact random variables.
The position estimate at iteration k only depends on the previous posi-
tion estimate, and the convergence in such a case has the characteristics of
the position estimates approaching a neighborhood of x and then “rattling
around” [17]. By averaging the position estimates, the mean location posi-
tion is an unbiased estimate as the measurement errors are assumed to be
zero-mean random variables.

In the following, we give an illustration of the emitter source lying inside
the convex hull of the measurement constraints given by:

H =
{

y ∈ R
2 : y =

L∑
l=1

ξlsl, ξl ≥ 0,

L∑
l=1

ξl = 1

}
. (30)

Figure 5 shows the unknown emitter lying inside the convex hull H with
Gaussian noise measurements in R

2. Similarly to Figure 4, each iteration
denotes the projected point on the convex boundary in Figure 5 (a) and the
estimated average location for the unknown emitter source in Figure 5 (b).
Compared with the alternating projection algorithm that depends solely on
the TOA or TDOA measurements, our algorithm has efficient performance
when we also consider the FDOA measurement together with the TDOA
measurement, and the location estimate is iteratively improved at each itera-
tion.

The estimate position is also close to the practical position (i.e., the opti-
mal solution of (10)) under noisy measurements. To get more accurate esti-
mation, we can use the estimate position of Algorithm 2 as a starting point
for a further local optimization.
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FIGURE 5
Convergence of Algorithm 2 under noisy measurements. The locations of receiver nodes are
s1 = [0, 0] m, s2 = [1500, 0] m and s3 = [750, 1500] m. The location of unknown emitter is x̂ =
[600, 750] m. The receivers are moving in the direction with velocities v1 = [20, 0] m/s, v2 =
[0, 20] m/s and v3 = [−8,−8] m/s. The measurement of TDOA is the zero mean Gaussian σt =
30 ns. The measurement of FDOA is the zero mean Gaussian σ f = 0.1σt . (a) An illustration for
each alternating projection. (b) An illustration for the estimation in each iteration.

5 EXPERIMENTS

In this section, we compare our alternating projection algorithm with the
known convex relaxation [28] and also the CRLB performance in estima-
tion. Note that our proposed algorithm is more efficient in distribute manner
while the convex relaxation is in centralized manner. We add the noise to the
measurement in simulation, and run N = 30 times Monte-Carlo simulations
for each different noise σt .

In practice, FDOA and TDOA measurements are taken as the peak argu-
ments of Complex Ambiguity Function (CAF) of the emitter signals s1(τ )
and s2(τ ) which are received by the sensors. Efficient calculation of the CAF
is presented in [20]:

A(t, f ) =
∫ T

0
s1(τ )s2(τ + t)e−2π j f τ dτ, (31)

where T is the integration time, t is the difference of the arrival time, f
is the difference of the Doppler shift, and j = √−1 denotes the imaginary
unit. Then, the TDOA and FDOA measurements are the arguments of the
maximum complex envelope of the CAF:

{t, f } = argt, f max A(t, f ). (32)
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FIGURE 6
Comparison of the two stages estimation between weighted alternating projection algorithm and
the semidefinite relaxation algorithms in [28] when σ f = 0.1σt . The unknown node lies outside
the convex hull, and the other parameters are the same as ones in Figure 4.

Example 1. We choose the location of unknown emitter as x̂ = [1500, 1500]
m, which lies outside the convex hull of three receiver nodes. The receiver
nodes are moving from the location sof s1 = [0, 0] m, s2 = [1500, 0] m and
s3 = [600, 750] m to the direction denoted by the velocities v1 = [20, 0] m/s,
v2 = [0, 20] m/s and v3 = [12, 12] m/s.

In Figure 6, we compare our weighted alternating projection algorithm
(denoted by WAP) to the the two-pronged approach (denoted by SDP) in
semidefinite relaxation [28]. For the convenience of comparison, we use the
local optimization (Newton type method) to refine the approximated solution
so as to obtain the better location estimation. Meanwhile, we use “1Stage”
and “2Stage” to denote the estimation in the first and second stage for both
algorithms, respectively. In addition, σt is the zero mean Gaussian for the
noise measurement of TDOA, and σ f = nσt means that the FDOA measure-
ment noise standard deviation is assumed n times that of TDOA in each
Monte-Carlo simulations. It is observed that the final RMSEs of both WAP
and SDP approach the CRLB curve. While the second stage of WAP is just
the same superb as the one of SDP, the estimation in the first stage of WAP is
far better than the one of SDP. In Figure 7, we compare our WAP algorithm
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FIGURE 7
Comparison of the estimation in weighted alternating projection algorithm and the CRLB for the
different relationship between σ f and σt . The unknown node lies outside the convex hull, and
the other parameters are the same as ones in Figure 4.

for the different relationship between σ f and σt . The numerical evaluations
show that the RMSE of the estimation is larger when the mean of the Gaus-
sian noise distribution in the FDOA measurement σ f is larger for the same
σt , and all of them achieve the CRLB.

Example 2. We choose the location of unknown emitter as x̂ = [600, 750]
m, which lies inside the convex hull of three receiver nodes. The receiver
nodes are moving from the locations of s1 = [0, 0] m, s2 = [1500, 0] m and
s3 = [750, 1500] m to the direction denoted by the velocities v1 = [20, 0]
m/s, v2 = [0, 20] m/s and v3 = [−8,−8] m/s.

In Figure 8, it is observed that the RMSEs of both WAP and SDP also
approach the CRLB curve for the inside convex hull case. Moreover, the
RMSE of the estimation increases almost linearly with the noise power. In
Figure 9, the RMSEs of the estimation for the different relationship between
σ f and σt are the same efficient with the outside convex hull case. We estab-
lish that our WAP approach runs in a distributed manner and improves the
estimation in the first stage. In addition, the numerical evaluations show that
the alternating projection algorithm converges relatively fast, as typically
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Comparison of the two stages estimation between weighted alternating projection algorithm and
the semidefinite relaxation algorithms in [28] when σ f = 0.1σt . The unknown node lies inside
the convex hull, and the other parameters are the same as ones in Figure 5.
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each simulation in our experiments requires less than 0.2s (on a desktop com-
puter).

6 CONCLUSION

In this paper, we studied the problem of source localization with both TDOA
and FDOA measurements in wireless networks. This nonconvex problem
was converted into a convex feasibility problem by iterative convexifying
of the FDOA measurement constraint function, and then was solved via a
weighted alternating projection method. The alternating projection algorithm
has efficient performance in the distributed manner of the first stage that the
unknown node lies outside or inside the convex hull of the measurement
constraints. Numerical experiments show that the iterative solution has the
convergence properties that are close to the CRLB performance. For illustra-
tive purpose, we have studied the two-dimensional case of localization, but
the algorithm can be easily generalized to a higher dimension space (e.g.,
x ∈ R

3). Our approach has been based on the assumption that the source is
stationary or slowly moving. We will track the dynamic target in the future
work.
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